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Abstract

The problem of parameter identification for a four-degree-of-freedom robot was solved using
the Mathematica program. The identification was performed by means of specially developed
differential filters [1]. Using the example of a manipulator, we analyze the capabilities of the
Mathematica program that can be applied to solve problems related to the modeling, control,
simulation and identification of a system [2]. The responses of the identification process for the
variables and the values of the quality function are included.

Abstrakt

Pouzitim programu Mathematica byla feSena tloha identifikace parametra pro robot se ¢tyfmi
stupni volnosti. Identifikace byla provedena pomoci specialné vyvinutych derivaénich filtrd. Na
pfikladé manipulatoru byly analyzovany moznosti programu Mathematica pii feSeni uloh
modelovani, fizeni, simulace a identifikace. Jsou uvedeny vysledky identifikaéniho procesu pro
proménné a také hodnoty kriteria kvality.

1 INTRODUCTION

Mathematica by Wolfram Research Inc. is a leading computation system suitable for a large
variety of numeric, symbolic, or graphical input. It can be applied to solve both typically
mathematical as well as technology-related problems [3].

Fig. 1 Manipulator model
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It is a versatile environment appropriate for a wide range of computation procedures starting
from basic arithmetic to the most advanced operations of further mathematics. The system can be
used by students as well as research staff whenever an advanced mathematical tool is necessary [4].

The capabilities of the Mathematica program related to the modeling, control and
identification of a robot system are discussed using the example of a manipulator. We consider a
manipulator with four rotary joints, the structure of which is presented in Figure 1.

Let ¢ =[¢, @, ¢, @,] denote a vector of joint variables used as generalized coordinates, m, -
mass of the element i, and /, - length of the element i . To simplify the calculations, we assumed a

simple distribution of masses with mass concentration at the end of each element. The problems were
analyzed in the following order. First, the kinetic and potential energies of the system were defined;
then, using the second order Lagrange equations, it was possible to symbolically determine the
equations of the robot dynamics. The identification process required developing a special function
responsible for low-pass filtration and signal differentiation. A simulation was performed for a
closed-loop robot system with PD controllers. The inverse model method was applied to identify the
robot parameters basing on the measurement data. The results of the identification were represented
graphically.

The work presented in notebook format includes the whole code necessary for the
computations. Due to limited space, most of the results are hidden.

2 MODELLING

Let us determine the matrices for a rotary-type element and then the transformation matrices.

0-100 0 Cos[e[l][t]] © Sin[e[1][t]] 0
10 00| _ |o| .. |sinteruirtnn o —COS[tp[l] I
=15 0 0o T=]o| Tt= 0 1 11 |7
00 00 1 0 o 1
Cos[¢[2][t]] -Sin[¢[2][t]] O 1[2] Cosw[zl [t
oo | SInlel21 1611 Coslel211E]] O 1(2) Sm[:p[zl [t
= 0 0 1
0 0 0
Cos[¢[3][t]] -Sin[¢[3][€]1] O 1[3] Cos[¢[3][t]]
r3. | SInLeI31TE1] Coslel311EI] O 1(3] Smw[Sl [t
= 0 0 1
0 0 0
Cos[e[4][t]] -Sin[e¢[4][t]] O 1[4] COSw[41 [t
4. |SIn[PI4I[E]] Cosle[4]1t]] 0 1[4] Sin[e[4] [t]]
- 0 0 1 0 "
0 0 0 1
The matrices required to determine the velocities of systems 1, 2, 3 and 4 are:
Ul[1] = ob.T1;

U2[1] = ob.T1.T2, U2[2] =T1l.0b.T2;
U3[1] = 0b.T1.T2.T3; U3[2] = T1.0b.T2.T3; U3[3] = T1.T2.0b.T3;
U4[1] = ob.T1.T2.T3.T4; U4[2] =T1.0b.T2.T3.T4; U4[3] = T1.T2.0b.T3.T4; U4[4] =T1.T2.T3.0b.T4;

The generalized coordinates will be denoted by vector q.
a= (@I [t], ¢12] [t], @[31 1€, ¢[411t1};
The kinetic energy of each element is

1 3 1
KI1] = 2 m[1] 2,2, ((UL[3] .x) (Transpose [r] .Transpose [UL[311) [[111) [[1111[1]] Dla[[311, £1°;

1131

1 3 2
K21 = 5 m2] 2> ((U2[3] .x) (Transpose [r] .Transpose [U2[311) [[111) [[1111111] Dial [311, £1%;

i-13-=1
1 3 3

K[3] = > m[3] ZZ((U3[J] 1) (Transpose [r] .Transpose [U3[311) [[111) [[41111111 Dlal [311, £1%;
i-13-1
1 3 4

K[4] = 2 m[4] ZZ ((UA[3] .x) (Transpose [r] .Transpose [U4[311) [[111) [[i11[[11] DIal(31], €1%;
i-13-1
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The inertia of each element is taken into account.

2 2
Table[Ko[K] = w, tk, 1, 4}] ; Table[J[K] = %, ke, 1, 4]
The total kinetic energy of the system is
4
K= Z (K[k] + Ko[k]) // Fullsimplify;
k=1
The potential energy for the particular elements is
V[1] = (-m[1] (0 0 g 0) .TL.r)[[1]I[[1]];VI2] = (-m[2] (O 0 g 0).TL.T2.1) [[1]][[1]];
V[3] = (-m[3] (0 0 g 0).TL.T2.T3.r) [[1]]1[[1]]1; V[4] = (-m[4] (O O g 0).T1.T2.T3.T4.r) [[1]]1[[1]];

The total potential energy is

4
V= VIk] // FullSimplify;
k=1

Using the expressions for kinetic and potential energy, we obtain the second order Lagrange
equations

d oK 6K+8_V=
dt 0p 0Op Op

Mzr, (D

where Mzr is the generalized forces.
Thus, the Lagrange equations are equal.

Table[row[i] = (D[D[K, ¢[i] '[t]], t] - D[K, ¢[i] [t]] + D[V, ¢[1][t]] - MEr[i][t] = 0), {1, 1, 4}]/

3 DIFFERENTIAL FILTERS

This section, which is auxiliary in character, defines the function responsible for signal
differentiation. In practice, signals contain noise resulting from measurement as well as that caused
by the quantization of analogue signals. Ideal differentiation performed by means of the D[ . . .]
function was replaced with a function responsible for signal differentiation as well as low-pass
filtration.

Let us assume that the differential filter of the k-th order is a series connection of a low-pass
filter with boundary frequency Q, and a difference quotient of the &-th order. The low-pass filter

will be responsible, firstly, for reducing the signal spectrum and, secondly, for correcting the
characteristics of the difference quotient in the range of low frequencies. Thus, the filter will be called
a low-pass correction filter. The desired transfer function of the low-pass filter is:

H (Q)/Hy, (Q) for Q<Q,

2
0 for Q>Qg. @

H_ ()= {

As a result, the transfer function of the series connection of the difference quotient and the
low-pass filter in the range of low frequencies will be equal to the transfer function of an ideal
differential filter.

The transfer function of the low-pass filter for Q <Q  is equal to

Q/sinQ k=1
H. (n)=H (Q)/Hy (Q)=4 Q% /2(1-cosQ) k=2 3)
Q° /(-25inQ +5in(2Q)) k=3

The filter signal response is an inverse Fourier transform of its frequency characteristics, thus:
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1 _
hkork (7’!) = _[Hkork (n)eandQ . (4)
27 5,

The proposed function, Filtr, is responsible for the low-pass filtration, while functions Filtrl
and Filtr2 are used for the low-pass filtration and differentiation of the signal. One derivative (k =1)
is obtained by using function Filtr1, and the other (k£ =2) by means of function Filtr2.

Filtr[Mm , Omega , delta , t_, x ] :=M3dule[{}, Clear[M, g, A];
HO[Q@ ] =1;
ho ; n#0] = FullSimpli L [™ho 17" ga]; ho ; n== 0] = FullSimpli L (“uora) 1a0];
[n_/;n#0]= mpmfy[;jﬂg (9] €™ @a]; hO[n_/; == 0] = FullSimp, fy[ﬁ£ng [a] 1aa] ;

M= Mn; Qg = Omega; A = delta; Wharmis[n ] =0.36+0.49Cos[nn /M] +0.14Cos[2nn /M] + 0.01Cos[3nx /M];

M M
HOmarris [0_] = > hO[N] Wharris [n] @ **™ s = )| hO[N] Waareis [n] ; hOp = Table[0, {2M+1}];

n=-M n=-M
For[i=-M, i <M, i++, hOp[[i +M+1]] = hO[i] Wharris [1] /Xxm]; NN = Length[t] ;
xf = Table[0, {NN-2M-1}]; For[i=M+1, 1 s NN-M-1, i++, xf[[1-M]] = x[[Range[i-M, i+M]]]. hOp;];
x£]
Filtrl[Mm , Omega , delta , t , x ] :=Module[{}, Clear[M, Qg, A];,

1 ag
H1[Q ] =s/.s-1a/4;hl[n_/;nz0] = m:l_'l.s:i.mpl:i.fy[Q— J Hl[a] ™" "dq] ;
7 Jong

1 ag
hifn /; n=0] = E‘uJ_'LSimplify[z—J Hl[a] 1dQ]; M=Mn; 0g = Omega; A = delta;
- 7T J-ag

8 8
Hlparris[2 ] = D7 h1[n] Warris[n] @ *"™ xw = 3 hi[n] Waarris [0] (0 -n4); hlp=Table[0, {2M+1}];

n=-1 n=—M
For[i=-M,isM, i++, h1p[[i+M+1]] =hl[i] Wharris[1i] (-1/xu2)]; NN= Length[t];
xfs=Table[0, {NN-2M-1}]; For[i=M+1, i <NN-M-1, i++, xEs[[i-M]] = x[[Range[i-M, i+M]]]. hlp;];
x£s]
Filtr2[Mn , Omega , delta , t , x ] :=Module[{}, Clear[M, ag, 4]

2 . . : : 1 29 Ieon .
H2[Q ] =s"/.s->1IQ/A;h2[n _/;nz0] = E\:J_'Ls:l.mpl:.fy[z— H2[0] e™ "7 dq] ;
7 Jag

. ; 1 g L -Ian
h2[n_/;n=0] = EUJJ.S:I.mpl:Lfy[; J H2[Q] 1d0] ; H2Harris [2_] = Z h2[n] Whazzis [N] H
_ag

n=-M
M 1
M= Mn; Qg =Omega; A = delta; xy3 = Z h2[n] Warris[n] ; hOpx[n_] = o hO0[n] Wharris[n];
n=-M H1
u 2 _2
xpa = ) (h2[N] Wharric [n] - xy3 hOgg[n]) (0- (A1) %) ; h2mln ] = —— (h2[n] Vigarris [n] - xi hOgm[n]) ;
B

n=-1

h2p=Table[0, {2M+1}]; For[i=-M, isM, i++, h2p[[i+M+1]] = -2 (h2[1] Wharpsis [1] - xu3 hOm [11) ] 7
Xud

NN = Length[t], xfss = Table[0, {NN-2M-1}],
For[i=M+1,i <NN-M-1, i++, xfss[[i-M]] =x[[Range[i-M, i+M]]]. h2p,];

xfss)

4 SIMULATION

The simulation was conducted for a closed-loop robot system with PD controllers [5]. The
results will be used as the data for the identification algorithm. First, the pre-determined signal is
defined. It is assumed that the signal is an appropriately delayed step function (with different delay
times for each arm). The function was additionally filtered using a first-order low-pass filter with a
boundary frequency Q, =0.025 [rad].
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A=0.001; tk =10;

syg[1] = Table[{t, UnitStep[t-1] / 2}, {t, 0., tk, A}];

syg[2] = Table[{t, UnitStep[t-3]/2}, {t, 0., tk, A}];

syg[3] = Table[{t, UnitStep[t-5]/2}, {t, 0., tk, a}];

syg[4] = Table[{t, UnitStep[t-T7]1/2}, {t, 0., tk, &}];

tp=Table[ai, {i, 0, tk/A}];

Table[Mp[i] = Transpose[syg[i]]1[[2]], {i, 1, 4}];

Mf[1] = Filtr[100, 0.025, 0.001, tp, Mp[1]], Mf[2] = Filtr[100, 0.025, 0.001, tp, Mp[2]];

Mf[3] = Filtr[100, 0.025, 0.001, tp, Mp[3]1], Mf[4] = Filtr[100, 0.025, 0.001, tp, Mp[4]];

tpl= A Range[0, Length[Mf[1]] -1];

Sygzad = {M[1] -» Interpolation[Transpose[{tpl, Mf[1]}]], M[2] - Interpolation[Transpose[{tpl, ME[2]}]],
M[3] - Interpolation[Transpose[{tpl, ME[3]}]], M[4] » Interpolation[Transpose[{tpl, ME[4]}]11}

tk= tk-0.3; ag=.;

The PD controller used for the object control is
Table[Mzr[i] [t] = Kp[i] (M[i] [t] - ¢[i] [t]) - Kd[i] Dle[i] [t], t], {i, 1, 4}];

The following parameters were assumed for the system:
Parametry= {1[1] » 0.4, 1[2] - 0.8, 1[3] » 0.6, 1[4] » 0.2, g- 9.81, m[1] » 50, m[2] » 25, m[3] » 15,
m[4] - 5, Kp[1] - 3800, Kd[1] - 159.5, Kp[2] - 40000, Kd[2] - 120, Kp[3] —» 10000, Kd[3] - 50,
Kp[4] » 500, Kd[4] » 2} ;

And the zero initial values were:

Wl=@[1] '[0] == 0;, w2 =¢[1][0] ==0; w3 = ¢[2] "[0] ==0; wd =¢[2][0] == 0; w5 =¢[3] "[0] == 0;
W6 = @[3][0] == 0; wi=¢[4] "[0] ==0; w8= ¢[4][0] == O;

The equations were solved numerically:
roz = NDSolve[{row[1l] , row[2], row[3] , row[4] , wl, w2, w3, wd, w5, w6, w7, w8} /. Parametry /. Sygzad,
(o[, »I21, ¢[31, ¢[4]1}, {t, 0, tk}, MaxSteps » 10000] ;
Table[¢r[i] = ¢[i] /. roz[1], {i, 1, 4}];

Figure 2 shows the responses of variables in a closed-loop system. The responses are not
satisfactory from the point of view of regulation [6]. The aim of the study was to generate signals to
be further applied in the identification process. In this case, it is recommended to select the
appropriate predetermined signals and controller parameters so that the signals can provide us with
sufficient information on the object properties.

Plot[Evaluate[ {pr[1] [t], ¢E[2] [t], er[3] [t], vX[4] [L]}], {t, O, tk},
Plotstyle -> {RGBColor[1l, 0, 0], RGBColor[0, 1, 0], RGBColor[0, 0, 1] , RGBColor[1l, 1, 0], RGBColor [0, 1, 1],
RGBColor[1, 0, 1]}, AxesLabel - {"t[s] ", "e[rad] "}]
¢ [rad]

o
[N

t[s]

Fig. 2 Responses of variables ¢,, ¢,, 95,0,

5 IDENTIFICATION

The method used for identifying the robot system parameters 6 =[m,,m,,m;,m,,1l,,l,,05,1,] is
shown as a schematic diagram in Figure 3. It is assumed that the measurement data concerning the
trajectories of the generalized variables ¢ and the necessary input signals Mzr are available. Using
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the current estimates of the object parameters, 6 =[m,,m,,m,,m,,l,l,,0,1,], it is possible to
determine the estimate of the input signals, Mz .

The equations have the same structure as Eq. (1); however, the unknown parameters 6 are
replaced by the estimates é, and the generalized variables ¢ and their derivatives ¢, ¢, which are

not measured, are replaced by the estimates of these variables, ¢/, ¢’ , ¢’/ obtained by applying

appropriate differential filters. Thus, the identification process involves determining the estimates of
the parameters minimizing the quality factor.

J(6) = %T(szf —Mzr")dt, (5)
0

where Mzr/ is the input signal after filtering. An advantage of this method is that the identification
procedure is considerably faster. It is not necessary to solve a series of differential equations at each
iteration of the algorithm minimizing the quality factor. In contrast, the conventional output error
method involves comparing the object input signal ¢ with its estimate ¢ .

Mzr(1) | Object o(t)

b A

Model

Object parameters

Minimization
algorithm

Fig. 3 Schematic diagram of the identification process

It is essential that the spectrum of the pre-determined signal be limited considerably. Despite
the fact that the robot system is strongly non-linear for the filtered signals, we have:

Mz = Mzr’ for 0=6. 6)

Let us determine the values of the particular signals and their derivatives to be used in the
identification process.

To reduce the number of calculations, we employ a discrete equivalent of the quality factor

(5). We use signals ranging from 0 to tk that are sampled at different moments of time, at sampling
intervals A.

tp=.; tp=Table[ai, {1, 0, tk/A}];

Table[ep [i] = er [1][t] /. £t tp, {i, 1, 4}

Table[Mp[i] = M[1i][t] /. Sygzad /. t = tp, {1, 1, 4}]~

@f[1] = Filtr[100, 0.2, 0.001, tp, ¢p[11]1; ¢f[3] = Filtr[100, 0.2, 0.001, tp, ¢p[31]1;

f [2] = Filtr[100, 0.2, 0.001, tp, ¢p[21]1; of [4] = Filtr[100, 0.2, 0.001, tp, ¢p[4]1];

ME[1] = Filtr[100, 0.2, 0.001, tp, Mp[1]]; ME[3] = Filtr[100, 0.2, 0.001, tp, Mp[3]];
Mf[2] = Filtr[100, 0.2, 0.001, tp, Mp[2]]; Mf[4] = Filtr[100, 0.2, 0.001, tp, Mp[4]];

efs [1] = Filtrl1[100, 0.2, 0.001, tp, wp[1]]; @fs[3] =Filtr1[100, 0.2, 0.001, tp, ¢p[3]1];
ofs[2] =Filtr1[100, 0.2, 0.001, tp, wp[2]1],; ofs[4] =Filtr1[100, 0.2, 0.001, tp, ¢p[4]1];
pfss[1] = Filtr2[100, 0.2, 0.001, tp, ¢p[1]]; ¢fss[3] = Filtr2[100, 0.2, 0.001, tp, ¢p[311;
ofss [2] = Filtr2[100, 0.2, 0.001, tp, ¢p [2]]; ¢Ess[4] = Filtr2[100, 0.2, 0.001, tp, ¢p[4]]:

We replace the variables in the model equations with a list of values at specific moments of
time.
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Zamiana = {m[1] > ml, m[2] » m2, m[3] > m3, m[4] » m4, 1[1] - 11, 1[2] - 12,
1[3] - 13, 1[4] » 14},

Paral = {¢[1] ''[t] = efss[1], @[2] "' [t] » ofss[2], ¢[3] ''[t] = ofss[3],
w[4] "' [t] - wfss[4], w[1] '[t] = efs[1],
e[2] "[t] » wEs[2], [3] "[t] » wEs [3], ¢[4] '[t] - ofs [4], ¢[1][t] - ef[1],
e[2] [t] » of [2], ©[3] [t] » @£ [3],
o[4] [t] » 0oL [4], M[1][t] -> ME[1], M[2] [t] -> ME[2], M[3][t] -> ME[3],
M[4] [t] -> ME[4]};

rowl = row[1l] /. Zamiana /. Parametry, row2 = row [2] /. Zamiana /. Parametry;

row3 = row [3] /. Zamiana /. Parametry; rowd = row[4] /. Zamiana /. Parametry;

To remove the responses of the identified parameters and the quality factors, we define the
lists. Variable j denotes the number of iterations.

ile =2000; j =0; Blad = Table[0, {ile}];
mliter = Table[0, {ile}], m2iter = Table[0, {ile}]; m3iter = Table[0, {ile}]:;
m4iter = Table[0, {ile}]

lliter = Table[0, {ile}]; 12iter = Table[0, {ile}]; 13iter = Table[0, {ile}];
l4iter = Table[0, {ile}]:

Then, we define a function determining the quality factor.

Clear[ml, m2, m3, md4, 11, 12, 13, 14];

Jd(ml_, m2_, m3_, md_, 11_, 12_, 13_, 14_] :=
Module[{}, J=J+1,; mliter[[]J]] =ml; m2iter[[]J]] =m2; m3iter[[J]] =m3,;
mditer[[j]] =md; 1liter[[j]] =11; 12iter[[j]] =12;13iter[[]J]] =13/

l4iter[[]j]] = 14;

Index = (Pluse@@ (((rowl[[1l]] -rowl[[2]]) /. Paral) ~2) / (Length[tp] -2 M) +
Plusee@ (((row2[[1l]] —row2[[2]]) /. Paral)~2) / (Length[tp] -2 M) +
Plus@@ (((row3[[1]] —row3[[2]]) /. Paral)~2) / (Length[tp] - 2 M) +
Plus@@ (((rowd[[1]] -rowd[[2]]) /. Paral) "*2) / (Length[tp] -2 M)) ;

Blad[[j]] = Index; Index];

Let us assume that the initial values of the parameters to be identified are:

mol =50.1,mo2 =25.1;mo3=15.1;moe4 =5.1; 1o1=0.41;102=0.79; lo3=0.59;
lod4=0.19; e =0.001;

Subsequently, we minimize the quality factor, Jd .

FindMinimum [Jd[ml, m2, m3, m4, 11, 12, 13, 14], {ml, mol, mol+ e}, {m2, mo2, mo2 +e},
{m3, mo3, mo3+e}, {md, mod, mod +e}, {11, lol, lol +e}, {12, lo2, lo2+ e},
{13, 103, 1lo3+e}, {14, lo4d, lod +e}]

{0.0223076 , {ml — 49.5818 , m2 — 25.0003 , m3 — 15.0549 ,
md - 4.96068 , 11 - 0.40741% , 12 - 0.799701 , 13 - 0.599708 , 14 - 0.200892 }}

The process of identification of the particular parameters is illustrated graphically in the
diagrams below [7]. As can be seen, the parameter trajectories are determined after approximately
1450 iterations of the minimization algorithm. The estimates slightly depart from the values of the
real parameters. The negligible differences are attributable to the system non-linearity; thus, Eq. (6)
can be solved only approximately.

m,[kg]
1757
150 +
125 "imq
1007 .

75 ¥

50

v ; w_,.r'

500 1000 1500 2000
Iterations

Fig. 4 Plot of the estimate of the parameter m,
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m,lkg]

27"

=
26 . i
25% .

P
24

23

500 1500 2000

1000
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Fig. 5 Plot of the estimate of the parameter m,

6 CONCLUSIONS

The inverse method applied for the identification of non-linear systems requires using a low-
pass differential filter to limit the spectrum of the excitation signal. Spectrum limitation is an
extremely significant It is not necessary to solve differential equations; it is determining appropriate
derivatives only. The computation procedure may also be used for the identification of more complex
problems. The data collected during the study shows that the inverse method is suitable for
identifying more complex mechanical systems with more parameters to define.
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