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EXPERIMENTAL PLANT IDENTIFICATION BY RELAY METHOD

EXPERIMENTALNI IDENTIFIKACE METODOU RELE

Abstract

The paper deals with use of the relay method for the experimental plant identification. The two
position symmetric relay without and with hysteresis, without the integrator and with the integrator in
front of and behind the relay is considered. There are brought out the computational formulas for
simple plants.

Abstrakt

Prispévek se zabyva vyuzitim metody relé pro identifikaci regulovanych soustav. Je
uvazovano dvoupolohové symetrické relé s hysterezi nebo bez ni, bez integraéniho c¢lenu
a s integratnim c¢lenem zapojenym na vystupu nebo vstupu relé. Pro nékolik jednoduchych
regulovanych soustav jsou odvozeny pro jejich parametry vypocetni vztahy.

1 INTRODUCTION

The relay method was originally used for plant identification by Rota¢ [7] and lately also for
controller autotuning, see reference [2, 1]. The aim of this paper is to show the basic modifications of
the relay methods from the viewpoint of experimental plant identification. Two position symmetric
relays without and with hysteresis and with the integrator in front of the relay and behind of the relay
are considered.

2 RELAY METHOD WITHOUT INTEGRATOR

In experimental plant identification using the relay method without the integrator it is assumed
that the relay is plugged into the closed-loop system in lieu of a controller in accordance with Fig. 1,
where: e, w, u and y are the control error, desired, manipulated and controlled variables, Gs(s) — the
plant transfer function, Gy(a) — the describing function of the relay (Fig. 2), s — the complex variable
in L-transform, a — the harmonic oscillation amplitude input at the relay input.
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Fig. 1 Closed-loop system with relay
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The relay role is to effect stable oscillations of the closed-loop system in Fig. 1, i.e. to cause
rise of the stable limit cycle. The describing function method is suitable to verify the limit cycle rise
[9, 3]. The describing function of the relay Gy(a) can be considered as the complex gain which
depends on the harmonic oscillation amplitude a with the angular frequency

e(t)=asinwt (D
in the relay input and therefore it is possible to work with it like a common transfer function.
The condition of the limit cycle rise of the closed-loop system in Fig. 1 has the simple form

1
Gy (a)

Gs(j) =— @)

with the stability limit for the linear control systems

G,(jw)=-1 3)

where Gs(jw) is the plant transfer function in the frequency domain, G,(jw) — the open-loop control
system transfer function in the frequency domain.

a) S \ b) U A
Uo >0 =0
uo
A
> -
—¢ ¥ 0 & e 0 e

Fig. 2 Two position symmetric relay: a) with hysteresis, b) without hysteresis

From comparison of the relations (2) and (3) it is obvious that the term —1/Gy(a) has the same
role as the critical point —1 for the linear control systems and therefore it is a critical characteristic.

For the two position symmetric relay with hysteresis (& >0, Fig. 2a) or without hysteresis
(e =0, Fig. 2b) the describing function and the corresponding critical characteristic have the forms
(9, 3]

2

Auy 1—(£] —jﬁ for 0<e<a
Gy(a)=4 na a a “)

0 for 0<a<e

jon(a) <
1 _ Ay(a)e for 0<e<a (5a)
Gy(a) |- for 0<a<e
Av(@) === (5b)
41/[0
£
ov(a)=-n+ arctg——— (5¢)
a —¢
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where 2¢ is the hysteresis width, uy — the relay amplitude (maximum value of the manipulated
variable u), Ay(a) — the critical characteristic magnitude, @y (a) — the critical characteristic phase.

Because the describing function (4) uses only the fundamental harmonic component of the
oscillation at the relay input, therefore the describing function method is the approximate method,
which gives more accurate results if the behaviour of the plant with the transfer function Gg(s) is
close to behaviour of a low-pass filter.

The condition represents the complex equation

Gs(jw) = As(w)e'”” (6)
which can be substitute by two generally nonlinear equations

A =4
s(w)=An(a) (7)

@s(®) =y (a)

where As(w) is the magnitude and @s(@) — the phase of the plant transfer function in the frequency
domain (6). By solving of (7) the amplitude a,, and the angular frequency @,, can be obtained. If the
obtained values ay, and w,, are positive and real, then in the closed-loop system in Fig. 1, the stable

limit cycle rises with the oscillation amplitude a,, at the relay input and with the angular frequency
Wy .

The geometric interpretation of the solution of the complex equation (2) or the two real
equations (7) is given in Fig. 3. The arrows of the curve Gs(jw) and the critical characteristic (5)

show the directions of the growth of the angular frequency @ and the harmonic oscillation amplitude
at the relay input a (1).

A Im
Gs(]a))
Y\ re
(am > wn)
< @s(wm) = on(an)
1 As(wn) = An(anm)
" Gy(a)

Fig. 3 Geometric interpretation of relay method without integrator

If in the closed-loop system in Fig. 1 the stable limit cycle rises, then from the measured
values ay; and @y on the basis of the equations (7) is possible to obtain two unknown plant
parameters, see Fig. 4.

For w(¢) = 0 the plant output variable y(f) (except for sign) is the relay input variable e(), the
equality

av =a, (¥

holds and the angular frequency @,, is the same for all closed-loop system variables and it can be
determined from the formula
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Fig. 4 Courses of relay output variable u(#) and plant output variable y(7) in the case of stable limit
cycle rise

An application of the relay with hysteresis is useful in the case of existence of noise. In this
case it is recommended so as to hysteresis width 2¢ was greater then double noise amplitude and the
relay amplitude u, should be such so as to output plant variable amplitude a, was at least triple noise
amplitude [5]. Between the output oscillation amplitude a, and the relay amplitude u, a direct
proportion holds.

For the relay with hysteresis the angular frequency (9) is lower then for the relay without
hysteresis.

From Fig. 3 it is obvious that the relay method without the integrator is suitable for
proportional and integral plants with time delay. The plant gain can be determined from the steady
state or by the other corresponding way. For the relay without hysteresis the equality wy =w_,
holds.

Example 2.1
For the proportional plant with transfer function
kl —Tuis
Gs(s) = —e 10
s(5) (Ts+1) € (10)

it is necessary to determine the plant time constant 7; and plant time delay 7); on condition that the
plant gain &, and plant order i are known, using the relay method without integrator.

Solution:
For plant (10) the relations
ki

Gs(ja))z (j];a)+1)i e*ijw :As(w)ejws(w) (11a)
As(@)=— (11b)

1+ &*TH)?
os(w) = Ty +iarctg(wT;)] (11c)
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hold.

From experimentally obtained the output variable y(¢) the oscillation amplitude a, and period
T, were measured (see Fig. 4), on the basis of the relations (5b), (5¢), (7), (8), (9), (11b) and (11c) for

a=ay=a,and o= wy the formulas
T, flékfug
Ti=—21i -1 (12a)
2n n’a;

Ty L n—iarctgznTi —arctg; (12b)
2 T, a;-é&’

T Y

can be obtained.

E.g. for a proportional plant with the transfer function

k
GS(S) ng_leirm (133)
I

from formulas (12) for i = 1 can be obtained

oL [16k
=Dy _
2n\ n’a;

1 (13b)

T, 27T,
Ty =—=| n—arctg el —arctg; (13¢)
2n T, a-g?

i
Likewise for a proportional plant with the transfer function

kl —Tuas
Gy(s)=——~ ¢ T 14
s(5) (s +1)° e (14a)

from formulas (12) for i =2 can be obtained

T, =—r |2 (14b)
2n\ ma,
Ty, =—| n—2arctg T —arctg; (14c)
m T, a-é&’

Notice:

The plant (10) parameters 7; and 7,; for known k; and i can also be determined from the
ultimate (critical) gain of a proportional controller &, and the ultimate (critical) period T}, it holds

T, =2T—" k2k? -1 (15a)
T

Ty = ZT—"[n— iarctg 2;77 J (15b)

T k

The ultimate controller gain £, and the corresponding ultimate period 7}, must be determined
iteratively. In this case formulas (15) are exact and therefore the accuracy of the parameters 7; and 7
is considerably higher.
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Example 2.2

Likewise in the example 2.1 on the basis of the relay method (without the integrator) for the
integral plant with the transfer function
ki

GO = Ty

e (16)

it is necessary to determine the plant time constant 7; and plant time delay 7; on condition that the
plant gain &, and order i are known.

Solution:
For the plant (16) on the basis of the relations (11) it can be written directly

ki

As(w) = (17a)

i

o(l+0*T?)?
os(w) = —[% + Ty +iarctg(wT;)] (17b)

For experimentally obtained plant oscillation amplitude a, and period 7}, can be obtained (see
Fig. 4) on the basis of the relations (5b), (5¢), (7), (8), (9), (17a) and (17b) for a = ay = a, and

w = Wy
22 2
r=L | [l (18a)
27 T a,

Ty L E—iarctgznTi —arctg; (18b)
T a-&

2m| 2 y

E.g. for the integral plant with the transfer function

kl ~Tas

Gel) =~ e (19a)

from the formulas (18) for i = 1 can be obtained

T, |4kiTius

T =
2n n* a.ﬁ

1 (19b)

T, | = 2nT &
T, =—| ——arct —arct 19¢
dl 21‘:[2 g T g ] ( )

¥ a -
Likewise for the integral plant with the transfer function

ki

SO sy

e (20a)

from the formula (18) for i = 2 can be obtained

=l (Pl (20b)
2n na,
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T L E—2arctg2nT2 —arctg i (20c)
w2 T,

2
y a,—¢

Notice:

As well in this case the plant (16) parameters 7; and 7,; for known k; and i can be determined
from the ultimate controller gain &, and the ultimate period 7}, it holds that

T ./kﬁkklz
T = — i —F— —1 2la
27 477 (21a)

T, (= 2nT;
T; =—| ——iarct d 21b
d 27[(2 . nj (21b)

The formulas (21) are exact, but the ultimate controller gain &, and the corresponding ultimate
period T must be determined iteratively.
3 RELAY METHOD WITH INTEGRATOR

The relay method with integrator is extending the previous approach [1]. It can be used in two
alternatives: with the integrator behind of the relay (Fig. 5a) and with the integrator in front of the
relay (Fig. 5b). Both these alternatives must be strictly differentiated.

For both alternatives in Fig. 5 the condition of the stable limit rise has a form [compare with

()]
1 1
— G(w)=— 22
o s(jo) Gl (22)
and can be substituted by two equations [compare with (7)]
1
— As(w) = Av(a)
@ (23)

%-(w)—g:m (a)

a)
w e y
T ! 5
_LJ ; ﬁ GS (S) >
Gv(a)
b)
w e Yy
1 »

Gy(a)

Fig. 5 Closed-loop system with relay with integrator: a) behind of relay, b) in front of relay
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Fig. 6 Geometric interpretation of relay method with integrator

If the solution, i.e. the values a = ay, and @ = @y, , are positive and real (Fig. 6), then in the
closed-loop systems in Fig. 5 the stable limit cycle rises with the oscillation amplitude a,, and the
angular frequency @, at the relay input.

From Fig. 6 it is obvious that the relay method with the integrator is applicable only for

proportional plants. For the relay without hysteresis with the integrator the relation @y =@ - holds.
2

a) Integrator is behind the relay

In this case for w(f) = 0 the output plant variable y(f) (except for sign) is the input relay
variable e(?), and therefore (8) holds, i.e. ay = a,.
Example 3.1

For the plant (10) from the example 2.1 it is necessary when using the relay method with the
integrator behind the relay, to determine the plant time constant 7; and plant time delay 7, on
condition that the plant gain k; and its order i are known.

Solution:

From the experimental obtained periodic course of the output variable y(f) the amplitude a,
and period T, were obtained (Fig. 4). On the basis of the relations (5b), (5¢), (8), (9), (11b), (11¢) and
(23) for a = ay = a, and @ = @y can be obtained the relations (18), which are the same like in the
example 2.2.

Example 3.2

On the basis of the relay method without hysteresis and with the integrator behind the relay for
the second order oscillatory plant

ki

Gs(s)=——bt
s(s) T2s” +2&Tps +1

24

it is necessary to determine the plant time constant 7, and plant damping coefficient &, on condition
that the plant gain 4, is known.

Solution:
For the plant (24) holds

Gs(jo) = As(@)e'™ (252)
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ki

As(w) = (25b)
V-0 T2} +ag20’ T
—arctg 25002)T02 for 0<w< L
1-0°Ts Ty
(w)= I for (o—L (25¢)
A T
— 1+ arctg 250620% for > x
[0} T() -1 To
For the relay without hysteresis with the integrator the relation
1 T,
v = = - T = b 263.
Om w*; To 0 2n (262)
holds.
On the basis of the relations (5b), (25b), (26a) and the first equation in (23) can be obtained
g =blm (26b)
T’ a,

From the experimental obtained values a, and T, (see Fig. 4) by means of (26) the unknown
parameters 7 and &, can be determined.

b) Integrator is in front of relay

In this case for w(¢) = 0 the input relay variable is given

[e(tydt =—~[a, sin(wyt + p)dt = icos(a)Mt + ) 27)
Wy
and therefore the relation
ay =2 = al, (28)
Wy 2n

holds.

With respect to high frequency damping by the integrator, an accuracy of the relay method
with the integrator in front of the relay is less then the accuracy of the relay method with the
integrator behind the relay.

Example 3.3

For proportional plant (10) from example 2.1 it is necessary by the relay method with the
integrator in front of the relay to determine plant time constant 7; and plant time delay 7 on
condition that the plant gain k; and plant order i are known.

Solution:
On the basis of the relations (5b), (5¢), (9), (11b), (11¢), (23) and (28) for a = ay, and @ = vy,

can be obtained
T,- l 2.2
T, :2_-‘ ; 651 L;O -1 (29a)
T T ay

163




T, 2nT;
Ty=—2|Z_; arctg nh arctg; (29b)
2n| 2 T, oT

The formula (29a) is the same as the formula (12a).

E.g. for proportional plant (13a) on the basis of the formulas (29) for i = 1 can be obtained

T, T
n=—X| = —arctg=— —arctg; (30)
2m| 2 T, aT;
yiy —82
4n’

The formula for 7 is the same as the formula (13b).

Likewise for proportional plant with the transfer function (14a) on the basis of the formulas
(29) for i =2 can be obtained

Ty, -5 E—ZarctgznT2 —arctg; 31
2m| 2 v alT? 5
V ; _e
4n

The formula for 7, is the same as the formula (14b).

Example 3.4

On the basis of the relay method without hysteresis and with the integrator in front of the relay
for the second order oscillatory plant (24) from the example 3.2 it is necessary to determine the plant
time constant 7 and plant damping coefficient &, on condition that the plant gain £, is known.

Solution:

Likewise in the example 3.2 for the relay without hysteresis with the integrator (in front of or
behind the relay) (26a) holds. Further on the basis of the relations (5b), (25b), (26a), (28) and the first
equation in (23) can be obtained
_ 2k1140

na,

) (32)

From the periodic course of the output variable y(¢) the amplitude a, and period 7, of the
oscillation and on the basis of the formulas (26a) and (32) parameters 7 and &, can be determined.

Notice:

The plant transfer function (24) can be expressed in terms of the damping coefficient value &,

in forms
ki
' for 0<& <1 (33a)
T() S +2§0TOS+1
ky
G =L for =1 33b
s5(5) Tos 1) o (33b)
ul for &>1 (33¢)
& c
(Tis +1)(Tas +1) ‘
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where T; > T, are the different plant time constants, which can be determined on the basis of the

formulas
n=ni(&+JE 1), =1 & -5 -1) (34)

The plant parameters 7y and &, can be also determined by means of the integral controller
with the transfer function 1/7}s, which is plugged into the closed-loop system in Fig. 1 in lieu of the
relay or the proportional controller with the transfer function k,, which is plugged into the closed-loop
systems in Fig. 5 in lieu of the relay and causing the stable oscillation. Then from the measured
ultimate period 7} any closed-loop system variable and from the ultimate controller gain k, or the
ultimate integral time Ty = 1/k,; the above mentioned parameters can be determined on the basis of
the formulas

T =2T—; (35a)
k]kpkn le}\
_ _ 35b
0= 4nT)y (350)

Likewise in the cases of the plants (10) and (16) the values of the ultimate parameters 7}, k,; or
Ty, must be determined iteratively but on the other side the formulas (35) are exact.

4 CONCLUSION

The paper describes the use of the relay method with and without hysteresis and further more
with and without integrator, which is plugged in behind or in front of the relay for experimental
identification of the simple plants. The relay method without the integrator is suitable for proportional
and integral plants and the relay method with the integrator is suitable only for proportional plants.
For proportional and integral plants with multiple time constants with time delay and for second order
oscillatory proportional plant the general formulas for computation of their two parameters are
derived. Experimentally it is possible to obtain one point of the plant frequency response, i.e. two
values of the plant parameters, it is possible by means of several experiments (with or without
hysteresis, without or with the integrator, with the integrator in front of or behind the relay) to obtain
more values of the plant parameters or take out the average of these values etc. It is obvious that the
relay methods can be used only for the plants, which can oscillate or which cannot be destroyed by
oscillation.
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